


Monte Carlo Methods 



History of Monte Carlo Method 



Errors in Estimation and  
Two Important Questions for Monte Carlo 



Controlling Error 
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A simple Monte Carlo simulation to 
approximate the value of  pi could 
involve randomly selecting points in 
the unit square and determining the 
hit ratio, e.g. 1000 points - 787 hits 
MC Estimate 0.787 * 4 = 3.148    
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 A more realistic example of Monte Carlo 
methods is in finance—for example, the 
price S 0 of an equity at time 0—then choose 
an stochastic model that appears to model 
previous equity paths reasonably well. 	


   A commonly used model is geometric 
Brownian motion, where the final price of 
the stock at time t is modeled as 	


             St = S0 exp(µ+ Ns), where N is a random 
sample from the Gaussian distribution.	
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The Monte Carlo approach is easy to parallelize.���
There are five major steps:	


1. Assign each processing element a random sequence. ���
Each processing element must use a different random number sequence, 
which should be uncorrelated with the sequences used by all other 
processors.	


2. Propagate the simulation parameters (for example, S 0) to all processing 
elements, and tell them how many simulation runs to execute.	

3. Generate random number streams for use by each processing element.	


4. Execute the simulation kernel on the processing elements in parallel.	


5. Gather the simulation outputs from each processing element and 
combine them to produce the approximate results.	




Pseudo-random RNGs 
Main general requirements that we wish PRNGs to satisfy:	


• A long period. Every deterministic generator must eventually loop, 
but the goal is to make the loop period as long as possible. There is a 
strong argument that if n random samples are used across all nodes 
in a simulation, then the period of the generator should be at least n 
2.	

• Good statistical quality. The output from the generator should be 
practically indistinguishable from a TRNG of the required 
distribution, and it should not exhibit any correlations or patterns. 
Poor generator quality can ruin the results of Monte Carlo 
applications, and it is critical that generators are able to pass the set 
of theoretical and empirical tests for quality that are available. 
Numerous statistical tests are available to verify this requirement 
(Knuth 1969, Marsaglia 1995, L'Ecuyer 2006).	




Definition: A number is normal (base-b) if its base-b 
expansion has each digit appearing with average frequency 
tending to 1/b. 

Open Problem: Are fundamental mathematical constants 
such as pi, ln2, sqrt(2), and e normal?  

Extensive testing show all these numbers have very strong 
statistically random properties. 

Aside: Are the digits of pi random? 



Linear Congruential RNGs 

Multiplier 

Additive constant 

Modulus 

Sequence depends on choice of seed, X0 



Period of Linear Congruential RNG 



Lagged Fibonacci RNGs 



Properties of Lagged Fibonacci RNGs 



Mersenne Twister 

One of the most widely used methods for RNGs is 
the Mersenne twister (Matsumoto and Nishimura 
1998), which has an enormous period of 2^19,937 
and extremely good statistical quality.  

However, it has a large state that must be updated 
serially. Thus each thread must have an individual 
state global memory - makes the generator too 
slow, except in cases where quality is needed. 



Parallel Independent Sequences 
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CUDA Lib for Random Numbers 
● Give a randState to each CUDA thread, from 
which it can sample from 
● On the host, create a device pointer to hold the 
randStates 
● Malloc number of states equal to number of 
threads 
● Pass the device pointer to your function 
● Init the random states 
● Call random function - curand_uniform 
with the state given to that thread 
● Free the randomStates 17 
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  Random headers can be found in <curand.h> and 
<curand_kernel.h> 

__global__ void monteCarlo(float *g_odata, int trials, 
curandState *states){  

unsigned int i = blockIdx.x*blockDim.x + threadIdx.x;  
unsigned int k, incircle;  
float x, y, z;  
incircle = 0;  
curand_init(1234, i, 0, &states[i]);  
for(k = 0; k < trials; k++){ 
  x = curand_uniform(&states[i]);  
  y = curand_uniform(&states[i]);  
  z = sqrt(x*x + y*y);  
  if (z <= 1) incircle++; else{} }  

    __syncthreads();  
    g_odata[i] = incircle; }" 18 



int main() { 

 float* solution = (float*)calloc(100, sizeof(float));  

float *sumDev, sumHost[NUM_BLOCK*NUM_THREAD];  

int trials, total; curandState *devStates;  

trials = 100; total = trials*NUM_THREAD*NUM_BLOCK;  

dim3 dimGrid(NUM_BLOCK,1,1); // Grid dimensions  

dim3 dimBlock(NUM_THREAD,1,1); // Block dimensions 

size_t size = NUM_BLOCK*NUM_THREAD*sizeof(float); //Array memory size 

cudaMalloc((void **) &sumDev, size);  
// Allocate array on device  

cudaMalloc((void **) &devStates, size*sizeof(curandState));  
// Do calculation on device by calling CUDA  

kernel monteCarlo <<<dimGrid, dimBlock, size>>> (sumDev, trials, devStates);  
// call reduction function to sum  

reduce0 <<<dimGrid, dimBlock, size>>> (sumDev); // Retrieve result from device and store 
it in host array  

cudaMemcpy(sumHost, sumDev, size, cudaMemcpyDeviceToHost);  

*solution = 4*(sumHost[0]/total); printf("%.*f\n", 1000, *solution); free (solution); //
*solution = NULL; return 0; } 
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  The total state space of the PRNG before 
you start to see repeats is about 2^190  
CUDA's RNG is designed so that when the same 

seed is used with each thread, the generated 
random numbers spaced 2^67 numbers away in 
the PRNG's sequence 

○ When calling curand_init with a seed, it 
scrambles that seed and then skips ahead 2^67 
numbers 

○ This even spacing between threads guarantees 
that you can analyze the randomness of the 
PRNG and those results will hold no matter 
what seed you use 20 
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  What if you're running millions of threads 
and each thread needs RNs? 
○ Not completely uncommon 
○ You could run out of state space per thread and start 
seeing repeats... ((2^190) / (10^6)) / (2^67) = 1.0633824 × 10^31 

● Can seed each thread with a different seed 
(ex. theadIdx.x), and then set the state to 
zero (i.e. don't advance each thread by 2^67) 
○ This may introduce some bias / correlation, but not 
many other options 
○ Don't have the same assurance of statistical 
properties remaining the same as seed changes 
○ It's also faster (by a factor of 10x or so) 21 



Distributions other than Uniform 
Distribution 



Analytical Transformation 
-probability density function f(x) 
-cumulative distribution F(x)  
In theory of probability, a quartile function of a distribution 
is the inverse of its cumulative distribution function.  



Exponential Distribution: An exponential distribution arises 
naturally when modeling the time between independent 
events that happen at a constant average rate and are 
memoryless. One of the few cases where the quartile 
function is known analytically. 

1.0 



Samples of Exponential 



Sample Example 2: 



Normal Distributions: 
Box-Muller Transformation 



Box-Muller Transformation 
repeat 

 v1 ← 2u1 - 1 
 v2 ← 2u2 - 1 
 r ← v1

2 + v2
2 

until r > 0 and r < 1 
f ← sqrt (-2 ln r /r ) 
g1 ← f v1 
g2 ← f v2 

This is a consequence of 
the fact that the chi-
square distribution with 
two degrees of freedom 
is an easily-generated 
exponential random 
variable. Ref: Wikipedia 



Normal Sample Example 



Parking Garage Simulation 



Implementation Idea 

101.2 142.1 70.3 91.7 223.1 

64.2 

Current Time 

Times Spaces Are Available 
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Car Count Cars Rejected 
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First stage: generation of a normally distributed sample 
sequence. "

"- parallel version of the Mersenne Twister "
"- apply Box-Müller transformation"
"- “MersenneTwister” sample in the CUDA SDK"

Second Stage: compute an expected value and 
confidence width for the underlying option - evaluating  
payoff function for many simulation paths and computing 
the mean of the results. "

Monte Carlo Method in Finance 



Third Stage: Pricing a single option using Monte Carlo 
simulation is inherently a one-dimensional problem, but if 
we are pricing multiple options, we can think of the 
problem in two dimensions."

Easy to determine our grid layout: launch a grid X blocks 
wide by Y blocks tall, where Y is the number of options we 
are pricing. We also use the number of options to 
determine X; we want X⋅Y to be large enough to have 
plenty of thread blocks to keep the GPU busy. "

If the number of options is less than 16, we use 64 blocks 
per option, and otherwise we use 16. "

Monte Carlo Method in Finance 


